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NON-HAMILTONIAN ACTIONS WITH FEWER
ISOLATED FIXED POINTS
DONGHOON JANG AND SUSAN TOLMAN
Abstract. In an earlier paper, the second author resolved a ques-
tion of McDuff by constructing a non-Hamiltonian symplectic cir-
cle action on a closed, connected six-dimensional symplectic man-
ifold with exactly 32 fixed points. In this paper, we improve on
this example by reducing the number of fixed points. More con-
cretely, we construct a non-Hamiltonian symplectic circle action
on a closed, connected six-dimensional symplectic manifold with
exactly 2k fixed points for any k ≥ 5.
1. Introduction
Let (M,ω) be a (non-empty) closed, connected 2n-dimensional sym-
plectic manifold. Let the circle S1 ≃ R/Z act on M , inducing a vector
field1 ξM on M . Assume that the action preserves the symplectic form,
that is, the action is symplectic. Equivalently, assume that ιξMω is
closed. The (isotropy) weights at a fixed point p ∈ M are the ele-
ments of the unique multiset of integers {w1, . . . , wn} so that the sym-
plectic representation of S1 on TpM is isomorphic to the representation
on
(
Cn,
√−1
2
∑
i dzi ∧ dzi
)
given by λ · z = (λw1z1, . . . , λwnzn).
The action is Hamiltonian if there exists a moment map, that is,
a map Ψ: M → R satisfying
dΨ = −ιξMω.
Equivalently, the action is Hamiltonian if ιξMω is exact. In this case,
we can reduce the number of degrees of freedom by passing to the
reduced spaceM//t S
1 := Ψ−1(t)/S1, which is a (2n−2)-dimensional
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symplectic orbifold for all regular values t of Ψ. Additionally, the
moment map Ψ is a Morse-Bott function whose critical set is the fixed
set MS
1
. The index µF of a fixed component F ⊂ MS1 is twice the
number of negative weights at any p ∈ F . This implies, for example,
that Ψ is a perfect Morse function, i.e.,
(1.1) dimH i(M ;R) =
∑
F⊂MS1
dimH i−µF (F ;R),
where the sum is over all fixed components [Ki]. Additionally, since Ψ
has a minimum, M must have a fixed point with no negative weights.
This raises a natural question: Are symplectic actions always Hamil-
tonian? If H1(M ;R) = 0, then every symplectic action is Hamiltonian
because every closed one-form is exact. In contrast, there are many
symplectic circle actions with no fixed points, including the diagonal
action on the torus S1 × S1. These actions are never Hamiltonian.
In 1959, Frankel made significant progress towards understanding
which symplectic actions are Hamiltonian by proving that a Ka¨hler
circle action on a closed, connected Ka¨hler manifold is Hamiltonian
exactly if the fixed set is nonempty [Fr]. In 1988, McDuff proved that
a symplectic circle action on a 4-dimensional closed, connected sym-
plectic manifold is Hamiltonian exactly if the fixed set is nonempty
[Mc]. Since then, many authors have proved additional results showing
that symplectic actions must be Hamiltonian in a variety of circum-
stances [CHS], [Fe], [G], [J3], [Kot], [LM], [Li], [MW], [O], [Ro], [S],
[TWe]; see [T] for a brief survey. On the other hand, in her 1988 paper
McDuff also constructed a non-Hamiltonian symplectic circle action
on a 6-dimensional closed, connected symplectic manifold with fixed
tori. However, for a long time, this was the only known example. This
led to the following more refined question, often known as the “Mc-
Duff conjecture” [MS]: Does there exist a non-Hamiltonian symplectic
circle action on a closed, connected symplectic manifold with a non-
empty discrete fixed set? In 2017, the second author answered this
question by constructing a non-Hamiltonian symplectic circle action
on a six-dimensional closed, connected symplectic manifold with ex-
actly 32 isolated fixed points [T]. As a corollary, examples exist in all
dimensions greater than 4.
This relates to another important question: What is the minimum
positive number of fixed points for a symplectic action on a closed,
connected 2n-dimensional manifold? If the action is Hamiltonian then
[ωi] ∈ H2i(M) is nonvanishing for all 0 ≤ i ≤ n, and so (1.1) implies
that M has at least n + 1 fixed points. This bound is sharp; generic
S1 subgroups of the natural (S1)n/S1 action on CPn have n + 1 fixed
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points. More generally, by the Atiya-Bott-Berline-Vergne localization
theorem, any circle action that preserves an almost complex structure,
and has at least one fixed point, must have more than one fixed point.
Additionally, Kosniowski proved that it must have more than two fixed
points if n /∈ {1, 3} [Kos1], [Kos2]; see also [PT]. Finally, the first
author proved that it cannot have 3 fixed points unless n = 2 [J1],
[J2]; see also [Ku]. Kosniowski conjectured that any circle action that
preserves an almost complex structure, and has at least one fixed point
must have more than n
2
fixed points. This bound is sharp when n = 3;
there’s an almost complex structure on S6 which is preserved by an S1
action with two fixed points. This raises another important question:
Is there a (necessarily non-Hamiltonian) symplectic circle action on a
closed 6-dimensional symplectic manifold with exactly 2 fixed points?
In this paper, we show that the number fixed points in the second
author’s examples can be substantially reduced.
Theorem 1. Given an integer k ≥ 5, there exists a non-Hamiltonian
symplectic circle action on a closed, connected six-dimensional sym-
plectic manifold with exactly 2k fixed points.
In particular, there exists an example with exactly 10 fixed points,
which we describe in more detail below. To do so, we need some addi-
tional terminology.
Let’s again assume that the circle acts symplectically on a closed 2n-
dimensional symplectic manifold (M,ω). If [ω] ∈ H2(M ;R) is integral,
there exists a generalized moment map, that is, a map Ψ: M → S1
satisfying Ψ∗(dt) = −ιξMω. As in the Hamiltonian case, the reduced
spaceM//t S
1 := Ψ−1(t)/S1 is a (2n−2)-dimensional orbifold endowed
with a symplectic form ωt ∈ Ω2(M//t S1) for all regular values t of Ψ.
The Duistermaat-Heckman function of M is the unique continuous
real-valued function ϕ on the moment image Ψ(M) to R such that
ϕ(t) =
∫
M//t S
1
ωn−1t
for all regular values t of Ψ [DH].
A K3 surface is a closed, connected complex surface (X̂, Î) with
H1(X̂;R) = {0} and trivial canonical bundle. A closed complex surface
(X, I) with at worst simple singular points and with minimal resolution
q : X̂ → X is a generalized K3 surface if X̂ is a K3 surface; see
Section 4 for more details. In this paper, we focus on generalized K3
surfaces that only have isolated Z2 singularities. (When we specify
the number of such singularities, we are implying that the surface is
otherwise smooth.) For example, the quotient of the complex torus
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C2/(Z2 +
√−1Z2) by the involution [z] → [−z] is a generalized K3
surface with 16 isolated Z2 singularities. A symplectic form σ ∈ Ω2(X̂)
is tamed if σ(v, Î(v)) > 0 for every nonzero tangent vector v. In this
case, we say that the triple (X̂, Î, σ) is a tame K3 surface. A tamed
symplectic form σ ∈ Ω2(X̂) is Ka¨hler if, additionally, σ(Î(v), Î(w)) =
σ(v, w) for all tangent vectors v and w.
Theorem 2. There exists a non-Hamiltonian symplectic circle action
on a closed, connected six-dimensional symplectic manifold (M,ω) with
a generalized moment map Ψ: M → R/10Z ≃ S1 satisfying the fol-
lowing properties: The level sets Ψ−1(±1) each contain 5 fixed points
with weights ±{2,−1,−1}; otherwise, the action is locally free. The
Duistermaat-Heckman function is
ϕ(t) =
{
12− 2t2 −1 ≤ t ≤ 1
2 + 1
2
(t− 5)2 1 ≤ t ≤ 9.
Finally, the reduced space M//t S
1 is diffeomorphic to a generalized K3
surface with 5 isolated Z2 singularities for all t ∈ (1, 9), and symplec-
tomorphic to a tame K3 surface for all t ∈ (−1, 1).
We now briefly outline the construction of the symplectic manifold
with 10 fixed points delineated in Theorem 2. The ideas behind the
construction of the more general case described in Theorem 1 are iden-
tical, although the details are slightly more complicated.
First, in Section 2, we review the classification of free circle actions
on symplectic manifolds2 with proper moment maps to an open interval
(a, b) ⊂ R, under the assumption that the reduced space is symplec-
tomorphic to a tame K3 surface (X ′, I ′t, σ
′
t) for all t ∈ (a, b); we also
need to insist on the technical assumption that [σ′t] = κ
′ − tη′ for all
t ∈ (a, b), where κ′, η′ induce a primitive embedding3 Z2 →֒ H2(X ′;Z).
By [T], such manifolds are essentially classified by their Duistermaat-
Heckman functions, which can be any positive polynomial of degree
at most two with even coefficients. In particular, there is a free cir-
cle action on a symplectic manifold (M ′, ω′) with a proper moment
map Ψ′ : M ′ → (−1, 1) satisfying the criteria above with Duistermaat-
Heckman function 12− 2t2.
Next, in Section 5, we construct a locally free circle action on a
symplectic manifold (M˘, ω˘) with a proper moment map Ψ˘ : M˘ → R
that satisfies the requirements of Theorem 2 if we restrict consideration
2In this paper, we only consider manifolds without boundary.
3An embedding (ℓ1, ℓ2) 7→ ℓ1κ′ + ℓ2η′ is primitive if every lattice element that
is a real linear combination of κ′ and η′ is also an integral linear combination.
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to (1, 9). In particular, the Duistermaat-Heckman function of M˘ is
2 + 1
2
(t− 5)2, and each reduced space is diffeomorphic to a generalized
K3 surface with 5 isolated Z2 singularities. Additionally, we endow M˘
with two congenial complex structures.
The results in Section 5 rely heavily on our construction of symplectic
orbifold forms on generalized K3 surfaces with isolated Z2 singularities,
which can be found in Section 4. This in turn relies on Kobayashi and
Todorov’s classification of Ka¨hler generalized K3 surfaces, and on the
relationship between a 2-dimensional complex orbifold with isolated Z2
singularities and its blow up, which is described in Section 3.
In Section 6, we construct a circle action on a symplectic manifold
(M˜, ω˜) with a proper moment map Ψ˜ : M˜ → (1− ǫ˜, 9+ ǫ˜), where ǫ˜ > 0,
which satisfies the requirements of Theorem 2 if we restrict considera-
tion to (1−ǫ˜, 9+ ǫ˜); in particular, the reduced space M˜//t S1 is symplec-
tomorphic to a tame K3 surface (X̂, Î, (σ̂±)t) for all t ∈ 5 ± (4, 4 + ǫ˜).
Additionally, [(σ̂±)t] = κ̂± − tη̂±, where κ̂±, η̂± induce a primitive em-
beddding Z2 →֒ H2(X̂;Z). This construction relies on techniques from
[TWa]: We use symplectic cutting twice on M˘ to construct a closed
symplectic orbifold Mcut with 10 isolated Z2 singularities. The man-
ifold M˜ is an open subset of the blow up of Mcut at these 10 points,
with a slightly perturbed symplectic form.
The moment preimages (Ψ′)−1(1− ǫ˜, 1) ⊂M ′ and Ψ˜−1(1− ǫ˜, 1) ⊂ M˜
are symplectic manifolds with free circle actions and proper moment
maps to (1−ǫ˜, 1); moreover, their reduced spaces are symplectomorphic
to tame K3 surfaces, and both satisfy the technical assumption. Since
their Duistermaat-Heckman functions agree, this implies that they are
equivariantly symplectomorphic – as long as we restrict to the moment
preimages of a small open set. A nearly identical argument applies to
the moment preimages (Ψ′)−1(−1,−1+ǫ˜) ⊂M ′ and Ψ˜−1(9, 9+ǫ˜) ⊂ M˜ .
Therefore, as we show in Section 7, we can construct M by gluing
together M ′ and M˜ . Finally, M cannot be Hamiltonian, because every
fixed point has both positive and negative weights.
2. Free circle actions
In this section, we review the classification of free Hamiltonian circle
actions on symplectic manifolds with reduced spaces symplectomorphic
to tame K3 surfaces (that also satisfy a technical condition) from [T].
Such manifolds are essentially classified by their Duistermaat-Heckman
function, which can be any positive polynomial of degree at most two
with even coefficients. The more precise statements below correspond
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to [T, Proposition 3.1] and [T, Proposition 3.3], respectively. We use
the first proposition to construct the free portions of the manifolds de-
scribed in our main theorems, e.g., the part of the manifold constructed
in Theorem 2 that lies over (−1, 1) ⊂ R/10Z. We use the second to
attach this portion to the rest of the manifold.
Proposition 2.1. Let the circle act freely on symplectic manifolds
(M,ω) and (M ′, ω′) with proper moment maps Ψ: M → (a, b) and
Ψ′ : M ′ → (a, b). Assume that, for all t ∈ (a, b), the reduced spaces
M//t S
1 andM ′//t S
1 are symplectomorphic to tame K3 surfaces (X, It, σt)
and (X ′, I ′t, σ
′
t), respectively; moreover,
• ∫
X
σ2t =
∫
X′
(σ′t)
2; and
• [σt] = κ − tη and [σ′t] = κ′ − tη′, where κ, η and κ′, η′ induce
primitive embeddings Z2 →֒ H2(X ;Z) and Z2 →֒ H2(X ′;Z),
respectively.
Then every t ∈ (a, b) has a open neighborhood U so that Ψ−1(U) and
(Ψ′)−1(U) are equivariantly symplectomorphic.
Proposition 2.2. Fix a polynomial P of degree at most two with even
coefficients that is positive on [a, b] ⊂ R. Then there exists a free circle
action on a symplectic manifold (M,ω) with a proper moment map
Ψ: M → (a, b) so that, for all t ∈ (a, b), the reduced space M//t S1 is
symplectomorphic to a tame K3 surface (X, It, σt); moreover,
• ∫
X
σ2t = P (t); and
• [σt] = κ − tη, where κ, η induce a primitive embedding Z2 →֒
H2(X ;Z).
3. Complex orbifolds with isolated Z2 singularities
In this section, we analyze the relationship between a 2-dimensional
complex orbifold with isolated Z2 singularities and its blow up, focusing
on cohomology classes, holomorphic forms, and holomorphic bundles.
Most of these facts are well known, and are true in a (much) more
general context. However, for completeness, we include here elementary
proofs for this simple case.
Let X be a complex orbifold. By definition, there exists an open
cover {Vα} of X and an orbifold chart {V˜α,Γα, φα} for each α, where
V˜α is an open subset of C
n that is invariant under the linear action
of a finite group Γα, and φα is a homeomorphism from V˜α/Γα to Vα.
An orbifold form on X is a Γα invariant form on each orbifold chart
V˜α so that any two agree on overlaps. We extend the notion of closed
form, Ka¨hler form, holomorphic form, etc. to orbifolds analogously.
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Let C2/Z2 be the quotient of C
2 by the diagonal Z2 action. Define
an algebraic variety Z := {x ∈ C3 | x1x3 = x22}. The map from C2/Z2
to Z that sends [z1, z2] to (z
2
1 , z1z2, z
2
2) is a continuous proper bijection
to a locally compact Hausdorff space; hence, it’s a homeomorphism.
Moreover, by Luna [Lu], this homeomorphism induces an isomorphism
between the sheaf of orbifold holomorphic functions on C2/Z2, and the
sheaf of holomorphic functions on Z ⊂ C3. (In contrast, it does not
induce an isomorphism between the sheaves of smooth functions; the
inverse homeomorphism from Z to C/Z2 is not smooth.) Therefore, a 2-
dimensional complex orbifold with isolated Z2 singularities is naturally
a complex analytic space, and maps between such orbifold are maps of
complex analytic spaces.
Conversely, any complex analytic space that is locally modelled on
the variety Z (or C2) is naturally a 2-dimensional complex orbifold
with isolated Z2 singularities, and maps between such complex analytic
spaces are maps of orbifolds. This is an immediate consequence on the
lemma below, adapted from [KLM].
Lemma 3.1. Let Z2 act diagonally on C
2 and let π : C2 → C2/Z2 be
the quotient map. Let U and U ′ be simply connected Z2 equivariant
subsets of C2, and let f : π(U) → π(U ′) be a homeomorphism that
induces an isomorphism between the sheaves of holomorphic functions.
Then there exists an equivariant biholomorphic map f˜ : U → U ′ such
that π ◦ f˜ = f ◦ π.
Proof. If 0 ∈ U then f([0]) = [0], because the local homology group
H∗(C2/Z2,C2/Z2 r {[0]};Z) at [0] is different from that of any other
point.
The quotient map π restricts to a covering map from C2 r {0} onto
C2/Z2 r {[0]}. Hence, since U r {0} is simply connected, there’s a
lift of the restriction of f to π(U)r {[0]}, that is, a holomorphic map
f˜0 : Ur{0} → U ′r{0} such that π◦f˜0 = f◦π on Ur{0}. Moreover, the
composition of f˜0 with the lift of the restriction of f
−1 to π(U ′)r{[0]} is
either the identity or multiplication by −1. Hence, f˜0 is biholomorphic.
Similarly, f˜0 is Z2 equivariant.
Next, fix a compact neighborhood B ⊂ U of 0. Since π is proper,
π−1(f(π(B))) is compact; hence, f˜0(Br{0}) ⊂ π−1(f(π(B))) is bounded.
Therefore, by the Riemann extension theorem, f˜0 has a unique holo-
morphic extension f˜ : U → U ′, which is the required lift of f . 
Let X be a 2-dimensional complex orbifold with isolated Z2 singular-
ities p1, . . . , pk. We define the blow up q : X̂ → X of X at p1, . . . , pk
to be its blow up as a complex analytic space. (See, for example,
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[Fi].) Blow ups are unique up to canonical isomorphism. Moreover,
the map q restricts to a biholomorphism from q−1(Xr {p1, . . . , pk}) to
Xr{p1, . . . , pk}. Hence, since blowing up commutes with restriction to
open subspaces, the blow up of X is determined by the lemma below.
In particular, q is proper and the exceptional divisor Ei := q
−1(pi)
is biholomorphic to CP1 for all i.
Lemma 3.2. Let C× act on (C2 r {0})× C by
λ · (z1, z2; u) = (λz1, λz2;λ−2u).
The blow up of C2/Z2 is the complex surface
Ĉ2/Z2 := (C
2
r {0})×C× C,
and the map that takes [z1, z2; u] ∈ Ĉ2/Z2 to [
√
uz1,
√
uz2] ∈ C2/Z2.
Note that this map is not smooth.
Proof. The blow up of Z := {x ∈ C3 | x1x3 = x22} at 0 is the algebraic
variety
Ẑ := {(x, [y]) ∈ C3 × CP2 | y1y3 = y22 and xiyj = xjyi ∀ i, j},
and the map q : Ẑ → Z defined by q(x, [y]) = x. Define a holomorphic
map from Ĉ2/Z2 to Ẑ by
[z1, z2; u] 7→ ((uz21, uz1z2, uz22), [z21 , z1z2, z22 ]).
An inverse map is given by ((x1, x2, x3), [y1, y2, y3]) 7→ (√y1, y2√y1 ; x1y1 )
for y1 6= 0, and by ((x1, x2, x3), [y1, y2, y3]) 7→ ( y2√y3 ,
√
y3;
x3
y3
) for y3 6= 0.
Under the resulting identifications of Ĉ2/Z2 with Ẑ and C
2/Z2 with
Z, the map q : Ẑ → Z takes [z1, z2; u] ∈ Ĉ2/Z2 to [
√
uz1,
√
uz2] ∈
C2/Z2. 
We are now ready to demonstrate some relationships between the
cohomologies of X and X̂ .
Lemma 3.3. Let q : X̂ → X be the blow up of a 2-dimensional complex
orbifold at isolated Z2 singularities p1, . . . , pk. Let I(X) be the kernel
of the restriction map H2(X̂ ;Z) → H2(∪iEi;Z), where Ei := q−1(pi)
for each i.
(1) The map q induces an isomorphism q∗ : H2(X ;Z)→ I(X).
(2) The natural inclusion ιˆ : X̂ r ∪iEi → X̂ induces an injection
ιˆ∗ : I(X)→ H2(X̂ r ∪iEi;Z).
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Proof. Let Ui be an open neighborhood of pi that lifts to a disk in an
orbifold chart for each i. Then {pi} is a deformation retract of Ui, and
Ei is a deformation retract of Ûi := q
−1(Ui), for all i. Moreover, q
restricts to a homeomorphism from X̂ r∪iEi to X r {pi}i. Hence, the
pullback map q∗ : H∗(X, {pi}i;Z)→ H∗(X̂,∪iEi;Z) is an isomorphism.
Since H1(∪iEi;Z) = H1({pi}i;Z) = H2({pi}i;Z) = 0, the natural
mapsH2(X̂,∪iEi;Z)→ I(X) andH2(X, {pi}i;Z)→ H2(X ;Z) are iso-
morphisms; the first claim follows immediately. Since H1(ÛirEi;Z) =
H1(RP3;Z) = {0}, the second claim follows from the long exact Mayer-
Vietoris sequence for the pair (X̂ r ∪iEi, ∪iÛi). 
Given an n-dimensional manifold N and a nonnegative integer m,
let Ωmc (N) be the vector space of smooth forms of degree m on N
with compact support. An m-current is a continuous (in the sense of
distributions) linear functional T : Ωn−mc (N) → R. Let Cm(N) denote
the vector-space of m-currents on N . Define a differential ∂ : Cm(N)→
Cm+1(N) by (∂T )(ψ) := (−1)m+1T (dψ) for all ψ ∈ Ωn−m−1c (N); clearly,
∂2 = 0.
A (smooth)m-form η ∈ Ωm(N) defines anm-current by ψ 7→ ∫
N
η∧ψ
for all ψ ∈ Ωn−mc (N); we identify this current with η. By Stokes’
Theorem, this identification intertwines the differentials on Ω∗(N) and
C∗(N). Moreover, every closed current is homologous to a differential
form, and a form is the boundary of a current exactly if it is the bound-
ary of another form [Rh, Theorem 14]. Therefore, every closed current
represents a unique cohomology class.
Now let q : X̂ → X be the blow up of a 2-dimensional complex
orbifold X at isolated Z2 singularities p1, . . . , pk. Let ιˆ : X̂r∪iEi → X̂
be the inclusion map, where Ei := q
−1(pi) for all i. Although q is
generally not smooth, the composition q ◦ ιˆ is smooth. Hence, given
an orbifold form η ∈ Ωk(X), the pullback (q ◦ ιˆ)∗η is a smooth form
on X̂ r ∪iEi. We say that η defines a current on X̂ if the map
Ωn−kc (X̂) → R given by ψ 7→
∫
X̂r∪iEi ιˆ
∗ψ ∧ (q ◦ ιˆ)∗η is a (well-defined)
continuous linear function. Our next lemma gives the cohomology class
of this current when η is closed.
Lemma 3.4. Let q : X̂ → X be the blow up of a 2-dimensional complex
orbifold at isolated Z2 singularities. Let I(X)R be the kernel of the
restriction map H2(X̂ ;R) → H2(∪iEi;R), where E1, . . . , Ek are the
exceptional divisors. If a closed orbifold form η ∈ Ω2(X) defines a
closed current on X̂ in a class ǫ ∈ I(X)R, then q∗([η]) = ǫ.
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Proof. Let ιˆ : X̂ r ∪iEi → X̂ be the inclusion map, and let η define a
closed current T on X̂ . The restriction of T to X̂ r∪iEi is the current
defined by (q ◦ ιˆ)∗η ∈ Ω2(X̂r∪iEi). Hence, ιˆ∗[T ] = [(q ◦ ιˆ)∗η] = ιˆ∗q∗[η],
and so the claim follows from Lemma 3.3(2). 
Next, we demonstrate a relationship between holomorphic forms on
X and X̂.
Lemma 3.5. Let q : X̂ → X be the blow up of a 2-dimensional complex
orbifold at isolated Z2 singularities. Given a nonvanishing holomorphic
form µ̂ ∈ Ω2,0(X̂), there exists a nonvanishing holomorphic orbifold
form µ ∈ Ω2,0(X) such that q∗([µ]) = [µ̂].
Proof. Let p1, . . . , pk ∈ X be the isolated Z2 singularities. Let ιˆ : X̂ r
∪iEi → X̂ denote the natural inclusion, where Ei := q−1(pi) for each i.
Since q restricts to a biholomorphism from X̂r∪iEi to Xr{pi}i, there
exists a holomorphic 2-form on X r {pi}i whose pullback under this
biholomorphism is ιˆ∗µ̂. By Lemma 3.6 below we can extend this form
to a holomorphic 2-form µ on X such that (q ◦ ιˆ)∗µ = ιˆ∗µ̂. Moreover,
holomorphic 2-forms on complex surfaces are closed; hence, ιˆ∗q∗[µ] =
ιˆ∗[µ̂]. Since each Ei is a complex curve, the restriction of [µ̂] to ∪iEi
vanishes. Thus, q∗
(
[µ]
)
=
[
µ̂
]
by Lemma 3.3(2).
Let Ui be an open neighborhood of pi that lifts to an open set U˜i ⊂ C2
in an orbifold chart around pi. Identify Ui with U˜i/Z2 and Ûi := q
−1(Ui)
with the preimage of U˜i/Z2 in Ĉ2/Z2. Let µ˜ := f˜dz1 ∧ dz2 ∈ Ω2(U˜)
be the pullback of µ to this orbifold chart, where f˜ is a Z2 invariant
holomorphic function. Since (q ◦ ιˆ)∗µ = ιˆ∗µ̂,
µ̂ = 1
2
f˜(
√
uz1,
√
uz2) (z1du ∧ dz2 + z2dz1 ∧ du+ 2udz1 ∧ dz2)
on Ûi rEi. Since µ˜ and µ̂ are both continuous, this equation holds on
all of Ûi. Therefore, since µ̂ doesn’t vanish on Ûi, the form µ doesn’t
vanish on Ui. Therefore, µ is nonvanishing.

Here, we used the following variant of Hartogs’ extension theorem.
Lemma 3.6. Let X be a complex orbifold of dimension at least 2 with
isolated singularities. Then every holomorphicm-form µ′ on the regular
part of X can be extended uniquely to a holomorphic orbifold m-form
µ on X.
Proof. Let (V˜ ,Γ) be a local orbifold chart near an isolated singularity
p ∈ X . Let µ˜′ :=∑i1<···<im f ′i1...imdzi1 ∧ · · · ∧ dzim ∈ Ωm,0(V˜ r {0}) be
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the pullback of µ′ to this chart, where each f ′I := f
′
i1...im
is a holomorphic
function on V˜ r {0}. By Hartogs’ extension theorem, we can extend
each f ′I uniquely to a holomorphic function fI on V˜ . Thus, µ˜ :=∑
i1<···<im fi1...imdzi1 ∧ · · · ∧ dzim is the unique holomorphic extension
of µ˜′ to V˜ . Taken together with the fact that µ˜′ is Γ invariant, this
implies that µ˜ is also invariant. 
Finally, we demonstrate a relationship between holomorphic bundles
on X and X̂ .
Definition 3.7. Let L be a holomorphic C× bundle over a complex
orbifoldX and let h be a hermitian metric on the associated line bundle
containing L. There exists a real orbifold form in Ω1,1(X) with local
expression
ζ =
√−1
2π
∂∂s∗(Ψ)
for every local holomorphic section s of L, where Ψ(m) := ln |m|2 for
all m ∈ L. (Here, we identify L with a subset of the associated line
bundle.) The Chern curvature of h is the orbifold form 2π
√−1 ζ ∈
Ω1,1(X). The Euler class of L is the cohomology class e(L) := −[ζ ] ∈
H1,1(X), which does not depend on the choice of the hermitian metric
h.
Lemma 3.8. Let q : X̂ → X be the blow up of a 2-dimensional complex
orbifold at isolated Z2 singularities p1, . . . , pk. Given a holomorphic C
×
bundle L̂ over X̂ there exists a holomorphic C× bundle L over X so
that e(L) ∈ H1,1(X) is the unique class with
q∗(e(L)) = e(L̂) +∑i 12Ei ∫Eie(L̂),
where Ei ∈ H1,1(X̂ ;R) is the Poincare´ dual to Ei := q−1(pi) for each i.
Moreover, L is a manifold exactly if ∫
Ei
e(L̂) is odd for all i.
Proof. Fix n ∈ Z. Let Ĉ2/Z2 → C2/Z2 be the blow up of C2/Z2 at [0],
and let E := (C2 r {0})×C× {0} be the exceptional divisor. Define a
holomorphic C× bundle D̂n over Ĉ2/Z2 with
∫
E
e(D̂n) = n by
D̂n :=
(
C
2
r {0})×C× (C× C×),
where C× acts by
λ · (z1, z2; u;w) = (λz1, λz2;λ−2u;λnw).
Similarly, define a holomorphic C× bundle Dn over C2/Z2 by
Dn := C
2 ×Z2 C×,
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where Z2 acts by
±1 · (z1, z2;w) = (±z1,±z2; (±1)nw).
Clearly, Dn is a manifold exactly if n is odd. The natural biholomor-
phism from Ĉn/Z2 r E to C
2/Z2 r {[0]} lifts to an isomorphism of
bundles
(3.9) D̂n
∣∣(
Ĉ2/Z2rE
) ≃ Dn∣∣(
C2/Z2r{[0]}
);
it sends [z1, z2; u;w] to [
√
uz1,
√
uz2; (
√
u)nw].
Fix i ∈ {1, . . . , k}, and let Ui be an open neighborhood of pi that
lifts to a disk in an orbifold chart. Then Ei is a deformation retract
of Ûi := q
−1(Ui), and so e
(
D̂∫
Ei
e(L̂)
)∣∣
Ûi
= e(L̂)|Ûi. Moreover, by the
lemma below, H1(Ûi,O) = 0, where O denote the sheaf of holomorphic
functions. Therefore, there is an isomorphism of bundles over Ûi,
(3.10) D̂∫
Ei
e(L̂)
∣∣
Ûi
≃ L̂∣∣
Ûi
.
Since q restricts to a biholomorphism from X̂ r ∪iEi to X r {pi}i,
there exists a holomorphic C× bundle L′ over X r {pi}i such that
q∗L′ ≃ ιˆ∗L̂, where ιˆ : X̂ r ∪iEi → X̂ is the inclusion map. Moreover,
by (3.9) and (3.10), the bundles L′ and D∫
Ei
e(L̂) are isomorphic over
Ui r {pi} for each i. Therefore, by gluing together the bundle L′ and
the bundle D∫
Ei
e(L̂) over Ui for each i, we construct a holomorphic C
×
bundle L over X so that (q ◦ ιˆ)∗L ≃ ιˆ∗L̂. Since each Ej vanishes on
X̂ r ∪iEi, this implies that
ιˆ∗q∗e(L) = ιˆ∗e(L̂) = ιˆ∗(e(L̂) +∑i 12Ei ∫Eie(L̂)).
Moreover, since
∫
Ej
Ei = −2δij for all i, j, the class e(L̂)+
∑
i
1
2
Ei
∫
Ei
e(L̂)
vanishes when restricted to ∪iEi. Therefore, the claim follows from
Lemma 3.3. 
Here, we used the following calculation.
Lemma 3.11. Let q : Ĉ2/Z2 → C2/Z2 be the blow up of C2/Z2 at [0].
Given ǫ > 0, let U := {[z] ∈ C2/Z2 | |z|2 < ǫ} and Û := q−1(U). Then
H1(Û ,O) = 0, where O denotes the sheaf of holomorphic functions.
Proof. In coordinates, Û = {[z1, z2; u] | |u||z|2 < ǫ}. Define
Ŵ1 := {[z1, z2; u] ∈ Û | z1 6= 0} and Ŵ2 := {[z1, z2; u] ∈ Û | z2 6= 0}.
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Define maps φ1 and φ2 from C
2 to Ĉ2/Z2 by φ1(z1, z2) := [1, z1; z2] and
φ2(z1, z2) := [z1, 1; z2]. Then each φi restricts to a biholomorphism from
A := {x ∈ C2 | |z2|(1+ |z1|2) < ǫ} to Ŵi, and from A′ := A∩ (C××C)
to Ŵ1 ∩ Ŵ2.
First we claimH i(Û ,O) = H i({Ŵ1, Ŵ2},O), whereH i({Ŵ1, Ŵ2},O)
denotes the Cˇech cohomology of the cover {Ŵ1, Ŵ2} with coefficients
in O. Since the function t 7→ ln ǫ − ln(1 + e2t) has negative second
derivative, the set A is a logarithmically convex (relatively) complete
Reinhardt domain [A, I.3]. Hence, by [A, I.5.15 and I.5.16], A is
holomorphically convex. Since every open subset of C2 satisfies the
remaining conditions of Definition of 5.1.3 of [H], this implies that A is
a Stein manifold; hence, Ŵ1 and Ŵ2 are as well. The claim now follows
by Theorem 7.4.1 of [H].
Hence, to complete the proof, it is enough to prove H1({Ŵ1, Ŵ2},O)
= 0. So consider f˜ ∈ C1({Ŵ1, Ŵ2},O) = O(Ŵ1 ∩ Ŵ2). Since A′ is a
Reinhardt domain containing C× × {0}, there exist unique constants
fij ∈ C such that A′ is contained in the domain of convergence of the
Laurent series
f :=
∞∑
i=−∞
∞∑
j=0
fijz
i
1z
j
2
and the series converges to the holomorphic function φ∗1(f˜) on A
′ [A,
I.6.3]. Therefore, A′ is contained in the domains of convergence of the
Laurent series
g :=
∞∑
i=0
∞∑
j=0
fijz
i
1z
j
2 and g − f = −
−1∑
i=−∞
∞∑
j=0
fijz
i
1z
j
2.
Since φ−11 ◦ φ2 is an isomorphism from A′ to itself, this implies that A′
is contained in the domain of convergence of the Taylor series
h := (φ−11 ◦ φ2)∗(g − f) = −
−1∑
i=−∞
∞∑
j=0
fijz
2j−i
1 z
j
2 = −
∞∑
j=0
∞∑
k=2j+1
fkjz
k
1z
j
2.
Since A is open and A′ = A∩(C××C), this implies that A is contained
in the domains of convergence of the Taylor series g and h. Therefore,
there exist g˜ ∈ O(Ŵ1) and h˜ ∈ O(Ŵ2) such that g converges to φ∗1(g˜)
and h converges to φ∗2(h˜). (See, e.g., [A, I.2A and I.2B].) Hence,
f˜ = g˜ − h˜ on Ŵ1 ∩ Ŵ2, that is, f˜ = δ(g˜, h˜), as required. 
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4. Generalized K3 surfaces
In this section, we use Kobayashi and Todorov’s classification of
Ka¨hler generalized K3 surfaces to obtain symplectic orbifold forms on
generalized K3 surfaces with isolated Z2 singularities. These spaces
will serve as the reduced spaces of the six-dimensional symplectic man-
ifolds with Hamiltonian circle actions that we construct in the next two
sections. More concretely, we prove Proposition 4.1 below.
Recall that a K3 surface is a closed, connected complex surface
(X̂, Î) with H1(X̂;R) = {0} and trivial canonical bundle. A closed
complex surface (X, I) with at worst simple singular points and with
minimal resolution q : X̂ → X is a generalized K3 surface if X̂ is a
K3 surface. Here, a proper morphism q : Y → X is a resolution (of the
singularities) ofX if Y is non-singular and q restricts to an isomorphism
from Y \ q−1(Xsing) to X \ Xsing. A resolution q : Y → X of X is a
minimal resolution if for every resolution q′ : Y ′ → X of X there
exists a unique morphism Ξ : Y ′ → Y such that q′ = q◦Ξ. In particular,
if X is a generalized K3 surface with isolated Z2 singularities, then
the blow up q : X̂ → X of X at the singular points is the minimal
resolution of X , and so X̂ is a K3 surface. Here, to see that q is the
minimal resolution, note that q−1(pi) does not contain a (−1)-curve for
any i; see, e.g., [I].
Proposition 4.1. Fix k ∈ {0, 1, . . . , 9}, a positive even integer A, and
an even integer B > −1
2
k. There exist a generalized K3 surface (X, I)
with k isolated Z2 singularities, a Ka¨hler orbifold form ζ ∈ Ω1,1(X),
and a real symplectic orbifold form ν ∈ Ω2,0(X) ⊕ Ω0,2(X) so that
(ν + tζ, ν+ tζ) = A+ (B+ 1
2
k)t2 for all t ∈ R. Moreover, q∗([ν +2ℓζ ])
is primitive4 for all ℓ ∈ Z, where q : X̂ → X is the blow up of X at the
singular points. Finally, there exists a holomorphic C× bundle L over
X with Euler class −[ζ ] so that L is a manifold.
Before proving this proposition, we introduce some terminology. Let
q : X̂ → X be the minimal resolution of a generalized K3 surface X .
Let δ1, · · · , δk ∈ H1,1(X̂)∩H2(X̂;Z) be the Poincare´ duals of the (−2)-
curves contracted by q. By definition, the root system of X is
R(X) :=
{
δ =
k∑
i=1
aiδi
∣∣∣ ai ∈ Z and (δ, δ) = −2} ⊂ H1,1(X̂)∩H2(X̂;Z).
4In particular, it lies in H2(X̂ ;Z) ⊂ H2(X̂;R).
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Let I(X) ⊂ H2(X̂ ;Z) be the set of all classes orthogonal to R(X).
Clearly, the image of the pullback map q∗ : H2(X ;Z) → H2(X̂ ;Z) is
contained in I(X). Similarly, H2,0(X̂) is contained in I(X)⊗ C.
The K3 lattice L is the even unimodular lattice with signature
(3; 19); let LR := L⊗Z R. Consider the cup product pairing (·, ·) on X̂.
Since (X̂, Î) is a K3 surface, there exists an isometry from H2(X̂;Z)
to L [BPV, Proposition VIII.3.2], that is, an isomorphism of groups
that intertwines the symmetric bilinear forms. A marking of X is a
metric injection φ : I(X) → L that can be extended to an isometry
φ̂ : H2(X̂ ;Z) → L. A marked generalized K3 surface is a triple
(X, I, φ) where (X, I) is a generalized K3 surface and φ is a marking.
Let
Ω := {α ∈ LC | (α, α) = 0 and (α, α) > 0}/C×
be the classical period domain. Since H2,0(X̂) ≃ C, there is a well-
defined period point associated to any marked generalized K3 surface
(X, I, φ):
τ1(X, I, φ) := [φ(αX̂)] ∈ Ω,
where αX ∈ H2,0(X̂) is any non-zero class.
A polarization on X is an element of a subset V +P (X) of I(X)
defined by
V +P (X) :=
κ ∈ V +P (X̂)
∣∣∣∣∣ Given δ ∈ H
1,1(X̂) ∩H2(X̂ ;Z)
with (δ, δ) = −2,
(κ, δ) = 0 if and only if δ ∈ R(X)
 ,
where V +P (X̂) is the closure of
V +P (X̂) :=
κ ∈ H1,1(X̂) ∩H2(X̂ ;R)
∣∣∣∣∣
(κ, κ) > 0 and (κ, δ) > 0
for all effective
(−2)-classes δ on X̂
 .
Amarked polarized generalized K3 surface (X, I, ǫ, φ) is a marked
generalized K3 surface (X, I, φ) and a polarization ǫ on X .
Let
KΩ := {(κ, [α]) ∈ LR × Ω | (κ, κ) > 0 and (κ, α) = 0}
be the polarized period domain. There is a polarized period
point associated to each marked polarized generalized K3 surface (X, I, ǫ, φ):
τ2(X, I, ǫ, φ) := (φ(ǫ), [φ(αX̂)]) ∈ KΩ,
where again αX̂ ∈ H2,0(X̂) is any non-zero class. As Morrison [Mo]
proved, τ2 induces a bijection between isomorphism classes of marked
polarized generalized K3 surfaces and KΩ. Here two marked polarized
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generalized K3 surfaces (X1, I1, ǫ1, φ1) and (X2, I2, ǫ2, φ2) are isomor-
phic if φ1(ǫ1) = φ2(ǫ2) and there is a biholomorphism f : X1 → X2
such that φ2 ◦ q∗2 = φ1 ◦ q∗1 ◦ f ∗. We need the following theorem, due
to Kobayahsi and Todorov, which is a refinement of the fact that τ2 is
surjective.
Theorem 4.2. Given (κ, [α]) ∈ KΩ, there exists a marked polarized
generalized K3 surface (X, I, ǫ, φ) such that τ2(X, I, ǫ, φ) = (κ, [α]).
Moreover, there exists a Ka¨hler orbifold form ζ ∈ Ω1,1(X) that defines
a closed current on X̂ in the class ǫ, where q : X̂ → X is the minimal
resolution.
Proof. The first claim is a theorem of Morrison [Mo]; see also [KT,
Theorem C, p. 347]. By Theorem 3 of [KT, p. 353], ǫ contains a Ka¨hler
form on X in the sense of Fujiki-Moishezon. Thus, Theorem 1 of [KT,
p. 348] implies that there exists a Ricci-flat Ka¨hler-Einstein orbifold
form on X which defines a closed current on X̂ in the cohomology class
ǫ. (Alternatively, see [Kob, Theorem 13, p. 284] and the definition of
“Ka¨hler polarization” [Kob, p. 279].) 
Remark 4.3. Some authors, e.g. [Lo], only consider one component of
the polarized period domain and restrict marked polarized K3 surfaces
accordingly; Kobayashi and Todorov follow this tradition. In contrast,
following [BPV], we consider both components. This change is incon-
sequential, because the isomorphism of L that sends x to −x induces a
diffeomorphism of KΩ that exchanges the two components. Similarly,
instead of restricting to κ ∈ LR such that (κ, κ) = 1, we allow all κ
such that (κ, κ) > 0.
We will use the following corollary of Theorem 4.2.
Corollary 4.4. Fix a negative-definite primitive sublattice K ⊂ L and
κ, β ∈ K⊥ ⊂ LR such that (κ, κ) > 0, (β, β) > 0, and (κ, β) = 0. There
exists a marked polarized generalized K3 surface (X, I, ǫ, φ) such that
κ = φ(ǫ), β ∈ φ(H2,0(X̂)⊕H0,2(X̂)), and φ̂(R(X)) = {d ∈ K | (d, d) =
−2}. Moreover, there exists a Ka¨hler orbifold form ζ ∈ Ω1,1(X) that
defines a closed current on X̂ in the class ǫ. Here, q : X̂ → X is
the minimal resolution of X and φ̂ : H2(X̂;Z) → L is any isometry
extending φ.
Proof. Let W ⊂ LR be the subspace generated by κ, β, and K. For
each ℓ ∈ LrW , the projective space P(W⊥∩ ℓ⊥) is a codimension one
submanifold of P(W⊥). Since LrW is countable, the complement of
the union ∪ℓ∈LrWP(W⊥ ∩ ℓ⊥) is dense in P(W⊥). Hence, the set of
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γ ∈ W⊥ ⊂ LR such that γ⊥ ∩L =W ∩L is dense in LR. Additionally,
since K is a negative-definite sublattice, the pairing (·, ·) is indefinite
on W⊥. Therefore, there exists γ ∈ W⊥ ⊂ LR with (γ, γ) = (β, β) > 0
such that γ⊥ ∩ L =W ∩ L, and hence κ⊥ ∩ β⊥ ∩ γ⊥ ∩ L = K.
Since (κ, [β +
√−1γ]) lies in KΩ, Theorem 4.2 implies that there
exists a marked polarized generalized K3 surface (X, I, ǫ, φ) so that
φ(ǫ) = κ and β+
√−1γ ∈ φ(H2,0(X̂)). Moreover, there exists a Ka¨hler
orbifold form ζ ∈ Ω1,1(X) which defines a closed current on X̂ in the
cohomology class ǫ. Since ǫ ∈ V +P (X),
R(X) =
{
δ ∈ H1,1(X̂) ∩H2(X̂ ;Z) | (δ, δ) = −2 and (ǫ, δ) = 0
}
.
Moreover, since β +
√−1γ ∈ φ(H2,0(X̂)), we have φ̂(H1,1(X̂)) = β⊥ ∩
γ⊥ ∩ L. Since κ = φ(ǫ) and κ⊥ ∩ β⊥ ∩ γ⊥ ∩ L = K, this implies that
φ̂(R(X)) = {d ∈ K | (d, d) = −2}.

We are now ready to prove our main proposition.
Proof of Proposition 4.1. By Lemma 4.5 below, there exist κ̂, β, and
d1, . . . , dk in L such that (κ̂, κ̂) = B, (β, β) = A, (κ̂, β) = 0, (κ̂, di) = 1
and (β, di) = 0 for all i, and (di, dj) = −2δij for all i and j; moreover,
κ̂, β, and d1, . . . , dk generate a primitive sublattice. Let K be the
negative definite primitive sublattice generated by d1, . . . , dk, and let
κ := κ̂+ 1
2
∑k
i=1 di be the projection of κ̂ onto K
⊥ ⊂ LR. Since (κ, κ) =
B + 1
2
k > 0, Corollary 4.4 implies that there exists a marked polarized
generalized K3 surface (X, I, ǫ, φ) such that κ = φ(ǫ), β ∈ φ(H2,0(X̂)⊕
H0,2(X̂)), and
φ̂(R(X)) = {d ∈ K | (d, d) = −2} = {±d1, . . . ,±dk}.
Moreover, there exists a Ka¨hler orbifold form ζ ∈ Ω1,1(X) that defines
a closed current on X̂ in the class ǫ. Here, q : X̂ → X is the minimal
resolution of X and φ̂ : H2(X̂ ;Z)→ L is any isometry extending φ.
The root system of X is R(X) = {±E1, . . . ,±Ek}, where φ̂(Ei) = di
for all i and (Ei, Ej) = −2δij for all i, j. By the classification of simple
surface singularities (and an analysis of their minimal resolutions), this
implies that X has k isolated Z2 singularities, that q : X̂ → X is the
blow up of X at the singular points, and that E1, . . . , Ek ∈ H1,1(X̂) ∩
H2(X̂;Z) are the Poincare´ duals to the exceptional divisors.
Since β ∈ φ(H2,0(X̂) ⊕ H0,2(X̂)) ∩ L, there exists a holomorphic
form µ̂ ∈ Ω2,0(X̂) such that Re(φ([µ̂])) = β, where Re(·) denotes the
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real part. Since (β, β) > 0 and X̂ is a K3 surface, this implies that
µ̂ is nonvanishing. By Lemma 3.5, there exists a nonvanishing holo-
morphic orbifold form µ ∈ Ω2,0(X) such that q∗([µ]) = [µ̂]. Thus,
ν := Re(µ) ∈ Ω2,0(X)⊕Ω0,2(X) is a real symplectic orbifold form such
that φ(q∗([ν])) = β. Since also q∗(ζ) = ǫ by Lemma 3.4, the orbifold
forms [ζ ] and ν have the desired properties.
Define a class ǫ̂ := φ̂−1(κ̂) = ǫ − 1
2
∑k
i=1 Ei ∈ H1,1(X) ∩ H2(X̂;Z).
Since X̂ is a closed Ka¨hler manifold, the Lefschetz theorem on (1, 1)-
classes imples that there exists a holomorphic C× bundle over X̂ with
Euler class −ǫ̂. Therefore, since q∗([ζ ]) = ǫ = ǫ̂+ 1
2
∑k
i=1 Ei, and since
(ǫ̂, Ei) = 1 for all i, Lemma 3.8 implies that there exists a holomorphic
C× bundle L over X with Euler class −[ζ ] so that L is a manifold. 
We conclude this section with an easy technical lemma.
Lemma 4.5. Fix k ∈ {0, 1, . . . , 9} and even integers B and A. There
exist κ̂, β, and d1, . . . , dk in L such that (κ̂, κ̂) = B, (β, β) = A,
(κ̂, β) = 0, (κ̂, di) = 1 and (β, di) = 0 for all i, and (di, dj) = −2δij
for all i and j; moreover, κ̂, β, and d1, . . . , dk generate a primitive
sublattice.
Proof. We will give an explicit construction for the case k = 9; the
other cases follow immediately.
Let H denote the unimodular hyperbolic plane, i.e., the even uni-
modular lattice of signature (1, 1); let E8 denote the positive definite
even unimodular lattice of rank 8. Consider the following orthogonal
decomposition of the K3 lattice:
L = H ⊕H ⊕H ⊕−E8 ⊕−E8.
For each i ∈ {1, 2, 3}, choose a basis xi,1 and xi,2 for the i’th summand
of H in the decomposition above such that
(xi,1, xi,1) = (xi,2, xi,2) = 0 and (xi,1, xi,2) = 1.
Similarly, for each i ∈ {1, 2}, choose a basis yi,1, yi,2, . . . , yi,8 for the i’th
summand of −E8 such that
(yi,j, yi,k) =

1 if {j, k} ∈ {{1, 2}, {2, 3}, . . . , {6, 7}} ∪ {{5, 8}},
−2 if j = k, and
0 otherwise.
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Let κ̂ := x1,1 +
1
2
Bx1,2, β := x2,1 +
1
2
Ax2,2, and
di :=

x3,1 − x3,2 + x1,2 if i = 1,
y1,2i−3 + x1,2 if i ∈ {2, 3, 4, 5},
y2,2i−11 + x1,2 if i ∈ {6, 7, 8, 9}.
To see that κ̂, β, and d1, . . . , dk generate a primitive sublattice, consider
the dual basis for the subspace that they span: κ̂′ := x1,2, β ′ := x2,2,
d′1 := x3,2 d
′
2 := y1,2 − y1,4 + y1,8, d′3 := y1,4 − y1,8, d′4 := y1,8, d′5 :=
y1,6 − y1,8, d′6 := y2,2 − y2,4 + y2,8, d′7 := y2,4 − y2,8, d′8 := y2,8, and
d′9 := y2,6 − y2,8. 
5. Locally free Hamiltonian actions
In this section, we consider locally free Hamiltonian circle actions on
symplectic manifolds with reduced spaces diffeomorphic to generalized
K3 surfaces with isolated Z2 singularities. We do not give a general clas-
sification, but simply construct the needed examples. These correspond
to the portions of the manifolds described in the introduction that are
locally free and have convex Duistermaat-Heckman functions, e.g., the
part of the manifold in Theorem 2 that lies over (1, 9) ⊂ R/10Z. More-
over, we endow each example with two congenial complex structures
that we use to “add fixed points” in the next section.
Proposition 5.1. Fix k ∈ {0, 1, . . . , 9}, a positive even integer A, and
an even integer B > −1
2
k. There exists a manifold M˘ with a locally
free C× action, an S1 ⊂ C× invariant symplectic form ω˘ ∈ Ω2(M˘),
with a proper moment map Ψ˘ : M˘ → R, a C× invariant map π˘ from
M˘ to a generalized K3 surface (X, I) with k isolated Z2 singularities,
and two complex structures J˘+ and J˘− on M˘ that commute with the
C× action5, so that the following hold:
(1) For all t ∈ R, the map π˘ induces a symplectomorphism from
M˘//t S
1 to X with symplectic form σ˘t ∈ Ω2(X); moreover,
(σ˘t, σ˘t) = A+(B+
1
2
k)t2 and q∗([σ˘2ℓ]) is primitive for all ℓ ∈ Z.
Here, q : X̂ → X is the minimal resolution of X.
(2) π˘ induces a biholomorphism from (M˘, J˘+)/C
× to (X, I), and
an anti-biholomorphism from (M˘, J˘−)/C× to (X, I).
(3) ω˘(ξ˘, J˘±(ξ˘)) > 0, where ξ˘ ∈ χ(M˘) generates the S1 action.
(4) J˘± tames ω˘ on the preimage Ψ˘−1
(± (0,∞)).
5More precisely, we insist that the map C× × M˘ → M˘ induced by the action is
holomorphic with respect to each complex structure.
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Proposition 5.1 follows immediately from Proposition 4.1 and Propo-
sition 5.4 below. To begin the proof of the latter proposition, we first
confirm that a standard property of holomorphic bundles over closed
Ka¨hler manifolds also holds for orbifolds. (See Definition 3.7.)
Lemma 5.2. Let (X, I) be a closed complex orbifold that admits a
Ka¨hler orbifold form. Let p : L → X be a holomorphic C× bundle with
Euler class −[ζ ], where ζ ∈ Ω1,1(X) is a real orbifold form. Then there
exists a hermitian metric on the associated line bundle containing L
with Chern curvature 2π
√−1 ζ.
Proof. Fix any hermitian metric h′ on the associated line bundle con-
taining L. Let ζ ′ ∈ Ω1,1(X) be the real orbifold form with local expres-
sion √−1
2π
∂∂s∗(Ψ′)
for every local holomorphic section s of L, where Ψ′(m) := ln |m|2h′
for all m ∈ L. Since −ζ and −ζ ′ both represent the Euler class of L,
the difference ζ − ζ ′ is d-exact. Moreover, since X is a closed complex
orbifold that admits a Ka¨hler orbifold form, X satisfies the ∂∂-lemma
by [BBFMT, Lemma 5.4]; (see also [B]). Hence, X also satisfies the
ddc-lemma. Therefore, there exists a function f : X → R such that
√−1
2π
∂∂f = ζ − ζ ′.
Let h be the hermitian metric on the associated line bundle containing
L determined by h = efh′. Then
ζ =
√−1
2π
∂∂s∗(Ψ)
for every local holomorphic section s of L, where Ψ(m) := ln |m|2h =
Ψ′(m) + f(p(m)) for all m ∈ L. 
Next we show how, in certain cases, we can use forms on a complex
orbifold to construct a symplectic form on a holomorphic C× bundle
over that orbifold so that the natural complex structure on the bundle
has the desired properties.
Lemma 5.3. Let (X, I) be a closed complex orbifold, ζ ∈ Ω1,1(X) a
Ka¨hler orbifold form, and ν ∈ Ω2,0(X) ⊕ Ω0,2(X) a real symplectic
orbifold form. Let p : L → X be a holomorphic C× bundle over X with
Euler class −[ζ ]; let J be the natural complex structure on L. Then
there exists a hermitian metric on the associated line bundle containing
L such that ω := p∗(ν) +
√−1
4π
∂∂Ψ2 ∈ Ω2(L) is an S1 ⊂ C× invariant
symplectic form with moment map Ψ, where Ψ(m) := ln |m|2 for all
m ∈ L. Moreover, the following hold:
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(1) For all t ∈ R, the map p induces a symplectomorphism from
L//t S1 to X with the symplectic form ν + tζ ∈ Ω2(X).
(2) p induces a biholomorphism from (L, J)/C× to (X, I).
(3) ω(ξ, J(ξ)) > 0, where ξ ∈ χ(L) generates the S1 action.
(4) J tames ω on Ψ−1
(
(0,∞)).
Proof. By Lemma 5.2, there exists a hermitian metric on the associated
line bundle containing L such that
ζ =
√−1
2π
∂∂s∗(Ψ)
for every local holomorphic section s of L, where Ψ(m) := ln |m|2 for
all m ∈ L. Equivalently, p∗(ζ) =
√−1
2π
∂∂Ψ. Define an S1 invariant
closed real form η ∈ Ω1,1(L) by
η :=
√−1
4π
∂∂Ψ2 =
√−1
2π
(
Ψ∂∂Ψ+ ∂Ψ ∧ ∂Ψ) .
By a straightforward calculation in coordinates dΨ 6= 0; moreover,
ιξ∂Ψ = 2πi, ιξ∂Ψ = −2πi, and ιξ∂∂Ψ = 0. Therefore,
ιξη = −∂Ψ− ∂Ψ = −dΨ.
By another straightforward calculation, this implies that
η(ξ, J(ξ)) = 4π > 0.
Moreover, since ∂Ψ ∧ ∂Ψ = 1
2
dΨ ∧ (∂Ψ− ∂Ψ),
η|Ψ−1(t) =
√−1
2π
t∂∂Ψ = tp∗(ζ)
for all t ∈ R.
Fix any m ∈ L with t := Ψ(m) > 0. Since η(ξ, J(ξ)) > 0, TmL is
the direct sum of the subspace
V := {v ∈ TmL | η(v, ξ) = η(v, J(ξ)) = 0} ⊂ TmL
and the subspace spanned by ξ and J(ξ). Moreover, since η is a
(1, 1)-form, the pullback J∗(η) is equal to η. Hence, η(J(v), ξ) =
−η(v, J(ξ)) = 0 and η(J(v), J(ξ)) = η(v, ξ) = 0 for all v ∈ V . Thus, V
is J-invariant and the map p∗ : TmL → Tp(m)X restricts to an isomor-
phism of complex vector spaces
V → Tp(m)X.
Since ιξη = −dΨ, V is a subspace of TmΨ−1(t). Since η|Ψ−1(t) = tp∗(ζ),
this implies that η(v, J(v)) = tζ(p∗(v), I(p∗(v))) for all v ∈ V . Further-
more, since t > 0 and ζ is a Ka¨hler orbifold form on (X, I), the latter
quantity is positive if v 6= 0. Hence, η(v, J(v)) > 0 for all non-zero
v ∈ V . Since η(ξ, J(ξ)) > 0, this implies that η(v, J(v)) > 0 for all
nonzero v ∈ TmL. Thus, η is a Ka¨hler form on Ψ−1((0,∞)).
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Finally, since ν ∈ Ω2,0(X)⊕Ω0,2(X) and ζ is a Ka¨hler orbifold form,
if t 6= 0 then (ν + tζ)(w, I(w)) = tζ(w, I(w)) 6= 0 for every non-zero
w ∈ TX . Since ν is symplectic, this implies that ν + tζ is symplectic
for all t ∈ R. Define an S1 invariant closed 2-form ω ∈ Ω2(L) by
ω := p∗(ν) + η. By the results in the first paragraph, Ψ is regular,
ιξω = −dΨ, and ω|Ψ−1(t) = p∗(ν + tζ) for all t ∈ R. Since ν + tζ is
symplectic for all t, this implies that ω is symplectic, Ψ is a moment
map for the S1 action on L, and p induces a symplectomorphism from
L//t S1 to X with the symplectic form ν + tζ for all t ∈ R. Finally,
since p∗(ν) ∈ Ω2,0(L) ⊕ Ω0,2(L), ω(v, Jv) = η(v, Jv) for all v ∈ TL.
Therefore, by the preceding paragraphs, ω(ξ, J(ξ)) > 0 and J tames ω
on Ψ−1((0,∞)). 
Finally, we show how in the situation of Proposition 5.3 we can con-
struct another complex structure that also has the desired properties.
Proposition 5.4. Let (X, I) be a closed complex orbifold, ζ ∈ Ω1,1(X)
be a Ka¨hler orbifold form, and ν ∈ Ω2,0(X) ⊕ Ω0,2(X) be a real sym-
plectic orbifold form. Let p : L → X be a holomorphic C× bundle with
Euler class −[ζ ]. Then there exist an S1 ⊂ C× invariant symplectic
form ω ∈ Ω2(L) with a proper moment map Ψ: L → R, and complex
structures J and J ′ on L that commute with the C× action, so that the
following hold:
(1) For each t ∈ R, the map p induces a symplectomorphism from
L//t S1 to X with the symplectic form ν + tζ ∈ Ω2(X).
(2) p induces a biholomorphism from (L, J)/C× to (X, I), and an
anti-biholomorphism from (L, J ′)/C× to (X, I).
(3) ω(ξ, J(ξ)) > 0 and ω(ξ, J ′(ξ)) > 0, where ξ ∈ χ(L) generates
the S1 action.
(4) J and J ′ tame ω on the preimages Ψ−1
(
(0,∞)) and Ψ−1((−∞, 0)),
respectively.
Proof. Let J be the natural complex structure on L. By Lemma 5.3,
there exists a hermitian metric on the associated line bundle containing
L such that
ω := p∗(ν) +
√−1
4π
∂∂Ψ2 = p∗(ν) +
√−1
2π
(Ψ∂∂Ψ+ ∂Ψ ∧ ∂Ψ) ∈ Ω2(L)
is an S1 invariant symplectic form with moment map Ψ, where Ψ(m) :=
ln |m|2 for all m ∈ L. (Here, and elsewhere in this proof, we take the
Dolbeault operators with respect to J .) Moreover, the following hold:
(1) For all t ∈ R, the map p induces a symplectomorphism from
L//t S1 to X with the symplectic form ν + tζ ∈ Ω2(X).
(2) p induces a biholomorphism from (L, J)/C× to (X, I).
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(3) ω(ξ, J(ξ)) > 0, where ξ ∈ χ(L) generates the S1 action.
(4) J tames ω on Ψ−1
(
(0,∞)).
Define a diffeomorphism Λ: L → L by Λ(m) := m|m|2 for all m ∈ L;
note that p ◦ Λ = p. Let J ′ be the complex structure on L that is
conjugate to the pull-back of J by Λ, i.e.,
J ′(v) = −Λ∗(J(Λ−1∗ (v)))
for all v ∈ TL.
The map Λ intertwines the standard C×-action and the conjugate
inverse action on L, i.e., Λ(λ · m) = λ−1 · Λ(m) for all λ ∈ C× and
m ∈ L. Hence, since the standard C×-action on L is J-holomorphic
and the map sending λ ∈ C× to λ−1 is anti-holomorphic, the standard
C×-action is also J ′-holomorphic. Moreover, since p induces a biholo-
morphism from (L, J)/C× to (X, I), it induces an anti-biholomorphism
from (L, J ′)/C× to (X, I).
By a straightforward calculation in coordinates, we have Λ∗(Ψ) =
−Ψ, Λ∗(∂Ψ) = −∂Ψ, Λ∗(∂Ψ) = −∂Ψ, and Λ∗(∂∂Ψ) = ∂∂Ψ. There-
fore,
Λ∗(ω) = 2p∗(ν)− ω.
Because p is anti-holomorphic with respect to J ′ and ν ∈ Ω2,0(X) ⊕
Ω0,2(X),
p∗(ν)(v, J ′(v)) = ν(p∗(v), p∗(J ′(v))) = −ν(p∗(v), I(p∗(v))) = 0
for all v ∈ TL. The three displayed equations above imply that
ω(v, J ′(v)) = ω(Λ−1∗ (v), J(Λ
−1
∗ (v))) for all v ∈ TL. In particular, since
Λ is S1-equivariant, ω(ξ, J ′(ξ)) = ω(ξ, J(ξ)) > 0. Moreover, since J
tames ω on Ψ−1((0,∞)) and Ψ−1((−∞, 0)) = Λ(Ψ−1((0,∞))), this
implies that J ′ tames ω on Ψ−1((−∞, 0)). 
6. Circle actions with fixed points
In this section, we finally consider Hamiltonian circle actions on sym-
plectic manifolds with fixed points. However, each regular reduced
space is still symplectomorphic to a generalized K3 surface with iso-
lated Z2 singularities. As in the previous section, we don’t give a com-
plete classification but simply construct the examples that we need,
corresponding to portions of the manifolds described in the introduc-
tion that contain all the points with non-trivial stabilizers, e.g., the
part of the manifold in Theorem 2 that lies over (1− ǫ˜, 9+ ǫ˜) ⊂ R/10Z,
where ǫ˜ > 0.
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Proposition 6.1. Fix k ∈ {1, . . . , 9}, a positive even integer A, and
an even integer B > −1
2
k. There exists a circle action on a symplectic
manifold (M˜, ω˜) with a proper moment map Ψ˜ : M˜ → (−4 − ǫ˜, 4 + ǫ˜),
where ǫ˜ > 0, with the following properties: The level sets Ψ˜−1(±4) each
contain exactly k fixed points with weights ±{−2, 1, 1}; otherwise, the
action is locally free. The Duistermaat-Heckman function of M˜ is
ϕ˜(t) =

A− 8k − 4kt+Bt2 t ∈ (−4 − ǫ˜,−4]
A+ (B + 1
2
k)t2 t ∈ [−4, 4]
A− 8k + 4kt+Bt2 t ∈ [4, 4 + ǫ˜).
The reduced space M˜//t S
1 is diffeomorphic to a generalized K3 surface
with k isolated Z2 singularities for all t ∈ (−4, 4), and symplectomor-
phic to a tame K3 surface (X̂, Î, (σ̂±)t), where (σ̂±)t ∈ Ω2(X̂) satisfies[
(σ̂±)t
]
= κ̂± − tη̂±, for all t ∈ ±(4, 4 + ǫ˜); moreover, κ̂±, η̂± induce a
primitive embedding Z2 →֒ H2(X̂ ;Z).
This proposition will follow from Proposition 4.1 and the following
more general construction.
Proposition 6.2. Let (X, I) be a closed 2-dimensional complex orb-
ifold with k isolated Z2 singularities, ζ ∈ Ω1,1(X) be a Ka¨hler orbifold
form, and ν ∈ Ω2,0(X) ⊕ Ω0,2(X) be a real symplectic orbifold form.
Let p : L → X be a holomorphic C× bundle with Euler class −[ζ ] so
that L is a manifold. Fix c+, c− > 0.
There exists a circle action on a symplectic manifold (M˜, ω˜) with a
proper moment map Ψ˜ : M˜ → (−c− − ǫ˜, c+ + ǫ˜), where ǫ˜ > 0, with the
following properties: The level sets Ψ˜−1(±c±) each contain exactly k
fixed points with weights ±{−2, 1, 1}; otherwise, the action is locally
free. For each t ∈ (−c−, c+), the reduced space M˜//t S1 is symplecto-
morphic to (X, σ˜t), where [σ˜t] = [ν + tζ ]. For each t ∈ ±(c±, c± + ǫ˜),
the reduced space M˜//t S
1 is symplectomorphic to (X̂, (σ̂±)t), where Î
tames (σ̂±)t and [(σ̂±)t] = q∗([ν + tζ ]) + (c± ∓ t)
∑ Ei/2; moreover,
−q∗([ζ ]) ±∑ Ei/2 ∈ H2(X̂ ;Z). Here, q : (X̂, Î) → (X, I) is the blow
up of X at the singular points and the E1, . . . , Ek ∈ H1,1(X̂;R) are the
Poincare´ duals to the exceptional divisors.
Proof. Let ω ∈ Ω2(L) be the S1 ⊂ C× invariant symplectic form with
a proper moment map Ψ: L → R, and let J and J ′ be the complex
structures on L that commute with the C× action, described in Propo-
sition 5.4.
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We will prove the following claim: There exists ǫ˜ > 0, and circle
actions on symplectic manifolds (M˜±, ω˜±) with proper moment maps
Ψ˜± : M˜± → R with the following properties:
(A) The preimage Ψ˜−1± (−ǫ˜, ǫ˜) ⊂ M˜± is equivariantly symplectomor-
phic to Ψ−1(−ǫ˜, ǫ˜) ⊂ L.
(B) The preimage Ψ˜−1±
( ± (−∞, c± + ǫ˜)) contains exactly k fixed
points; each lies in Ψ˜−1± (±c±) and has weights ±{−2, 1, 1}.
(C) For each t ∈ ±(−∞, c±), the reduced space M˜±//t S1 is sym-
plectomorphic to (X, (σ˜±)t), where [(σ˜±)t] = [ν + tζ ].
(D) For each t ∈ ±(−∞, c±+ ǫ˜), the reduced space M˜±//t S1 is sym-
plectomorphic to (X̂, (σ̂±)t), where Î tames (σ̂±)t and [(σ̂±)t] =
q∗([ν + tζ ]) + (c± ∓ t)
∑ Ei/2; moreover, −q∗([ζ ]) ±∑ Ei/2 ∈
H2(X̂ ;Z).
Once we have proved this claim, we can conclude that Ψ˜−1+ (−ǫ˜, ǫ˜) ⊂
M˜+ and Ψ˜
−1
− (−ǫ˜, ǫ˜) ⊂ M˜− are equivariantly symplectomorphic. Then
we can use this symplectomorphism to glue together Ψ˜−1+ (−ǫ˜, c++ ǫ˜) ⊂
M˜+ and Ψ˜
−1
− (−c− − ǫ˜, ǫ˜) ⊂ M˜− to construct a circle action on a
symplectic manifold (M˜, ω˜) with a proper moment map Ψ˜ : M˜ →
(−c− − ǫ˜, c+ + ǫ˜) satisfying the desired properties.
We begin by constructing M˜+. By the first claim in Proposition 5.4,
for each t ∈ R, the map p induces a symplectomorphism from L//t S1
to X with the symplectic form ν + tζ ∈ Ω2(X).
The second claim of Proposition 5.4 implies that p also induces a
biholomorphism from (L, J)/C× to (X, I); hence, Ut := C× ·Ψ−1(t) is
equal to L for all t ∈ R. Moreover, by the third claim, ω(ξ, J(ξ)) > 0,
where ξ ∈ χ(L) generates the S1 action. Hence, by [TWa, Proposi-
tion 3.1], J induces a complex structure on the reduced space L//t S1
so that the natural map L//t S1 → (Ut, J)/C× is a biholomorphism.
Therefore p induces a biholomorphic symplectomorphism from L//t S1
to (X, I, ν + tζ).
The last claim of Proposition 5.4 implies that J tames ω on the
preimage Ψ−1
(
(0,∞)). Additionally, since the reduced space L//c+ S1
has k isolated Z2 singularities, the S
1 action on Ψ−1(c+) is free ex-
cept for k orbits with stabilizer Z2. Therefore, we can apply [TWa,
Proposition 6.1] (centered at c+ instead of at 0) to (L, J) to find
ǫ ∈ (0, 2c+/3), a complex manifold (M˜+, J˜+) with a holomorphic C×
action, an S1 ⊂ C× invariant symplectic form ω˜+ ∈ Ω2(M˜+) satisfying
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ω˜+(ξM˜+ , J˜+(ξM˜+)) > 0 on M˜+ r M˜
S1
+ , where ξM˜+ generates the S
1 ac-
tion, and a proper moment map Ψ˜+ : M˜+ → R so that the following
hold:
(1) Ψ˜−1+
(
(c+ − ǫ, c+]
)
contains exactly k fixed points; each lies in
Ψ˜−1+ (c+) and has weights {−2, 1, 1}.
(2) There’s an S1 equivariant symplectomorphism from Ψ˜−1+
(
(−∞, c+−
ǫ/2)
)
to Ψ−1
(
(−∞, c+ − ǫ/2)
)
that induces a biholomorphism
from M˜+//t S
1 to L//t S1 for all regular t ∈ (−∞, c+ − ǫ/2).
(3) ω˜+ is tamed on Ψ˜
−1
+
(
(c+ − ǫ, c+ + ǫ)
)
.
By Property (2) above, Claim (A) holds for all ǫ˜ ∈ (0, ǫ). Moreover,
since the S1 action on L is locally free, Properties (1) and (2) combine
to show that there exists ǫ˜ ∈ (0, ǫ) so that Claim (B) holds. Hence,
by the paragraph above, Property (2) implies that M˜+//t S
1 is biholo-
morphically symplectomorphic to (X, I, ν + tζ) for each t ∈ (−∞, ǫ˜).
Moreover, −[ζ ] is the Euler class of Ψ˜−1+ (t)→ X .
Next, apply [TWa, Proposition 7.9] (centered at c+ instead of 0) to
M˜+ with (a−, a+) = (−∞, c+ + ǫ˜). By the preceding paragraph, we
may assume that the complex orbifold and classes appearing in [TWa,
Proposition 7.9] are (X, I) and [ν],−[ζ ] ∈ H2(X ;R). (To see this take
any t < ǫ˜.) More precisely, the following hold:
• For each t ∈ (−∞, c+) the reduced space M˜+//t S1 is biholo-
morphically symplectomorphic to (X, I, (σ˜+)t), where (σ˜+)t ∈
Ω2(X) satisfies [(σ˜+)t] = [ν + tζ ].
• For each t ∈ (c+, c+ + ǫ˜), the reduced space M˜+//t S1 is biholo-
morphically symplectomorphic to (X̂, Î, (σ̂+)t), where (σ̂+)t =
q∗([ν + tζ ]) + (c+ − t)
∑ Ei/2; moreover, −q∗([ζ ]) +∑ Ei/2 ∈
H2(X̂ ;Z) because it is the Euler class of Ψ˜−1+ (t)→ X̂.
Claim (C) follows immediately. Additionally, by Property (3) above
and [TWa, Proposition 3.1], Î tames (σ̂+)t for all t ∈ (c+, c+ + ǫ˜). So
Claim (D) holds.
The construction of M˜− is the mirror image to that of M˜+. Let I ′
be the conjugate complex structure on X . By a slight modification
of the preceding argument, if we equip L with the complex structure
J ′, then p induces a biholomorphic symplectomorphism from L//t S1 to
(X, I ′, ν+tζ). We then need the following variant of [TWa, Proposition
6.1], which still holds by [TWa, Remark 6.3]: Replace (−ǫ, 0] by [0, ǫ)
and {−2, 1, . . . , 1} by {2,−1, . . . ,−1} in Claim (1) of that proposition;
and replace each (−∞,−ǫ/2) by (ǫ/2,∞) in Claim (2). We apply this
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new proposition (centered at −c−) to (L, J ′). Similarly, we apply the
following variant of [TWa, Proposition 7.9] (centered at −c−) to M˜−
with (a−, a+) = (−c− − ǫ˜,∞). (which still holds by [TWa, Remark
7.11].) Replace {−2, 1 . . . , 1} by {2,−1, . . . ,−1}; replace each (0, a+)
by (a−, 0) and each (a−, 0) by (0, a+); and replace each
∑ Ei by −∑ Ei.
In this case, for all t ∈ (−c− − ǫ,−c−), the reduced space M˜−//t S1 is
biholomorphically symplectomorphic to (X̂, Î, (σ̂−)t), where (σ̂−)t =
q∗([ν+ tζ ])+(c−+ t)
∑ Ei/2; moreover, −q∗([ζ ])−∑ Ei/2 ∈ H2(X̂;Z).
Otherwise, the argument is strictly analogous to the argument for M˜+.

We are now ready prove our main proposition.
Proof of Proposition 6.1. Together, Proposition 4.1 and Proposition 6.2
(with c± = 4) immediately imply this proposition, except that we
still need to prove that κ̂±, η̂± induce a primitive embedding Z2 →֒
H2(X̂;Z), where κ̂± := q∗([ν]) + 2
∑ Ei ∈ H2(X̂ ;R), η̂± := −q∗([ζ ])±∑ Ei/2 ∈ H2(X̂ ;Z), and ν, ζ ∈ Ω2(X). Here, q : X̂ → X is the minimal
resolution and the E1, . . . , Ek ∈ H1,1(X̂ ;R) are the Poincare´ duals to
the exceptional divisors. Additionally, they imply that q∗([ν + 2ℓζ ]) is
primitive for all ℓ ∈ Z. In particular, κ̂± ∓ 4η̂± = q∗([ν ± 4ζ ]) is primi-
tive. Since (η̂±, Ei) = ∓1 and (κ̂± ∓ 4η̂±, Ei) = 0 for all i, this implies
that κ̂± ∓ 4η̂±, η̂± (and hence κ̂±, η̂±) induce a primitive embedding
Z2 →֒ H2(X̂ ;Z). 
7. Constructing the examples in Theorems 1 and 2
We now have all the ingredients that we need to construct the sym-
plectic manifolds described in Theorems 1 and 2, and are ready to
assemble them. We begin by proving our main theorem.
Proof of Theorem 1. Let an integer k ≥ 5 be given. Choose a positive
integer ℓ and k1, . . . , kℓ ∈ {5, 6, 7, 8, 9} such that
∑ℓ
i=1 ki = k. Define
C0 := −kl and Cj := kj +
∑j−1
i=1 2ki for all i ∈ {1, . . . , ℓ}. Note that
C1 = C0+kℓ+k1 = Cℓ−2k+kℓ+k1 and that Cj = Cj−1+kj−1+kj for all
j > 1. Finally, choose an even integer N such that N > 2kj(kj − 4) >
2(kj − 4)2 for all j.
By construction, the polynomial N − 2(t − Cj + kj)2 is positive on
[Cj−1 + 4, Cj − 4] for each j ∈ {1, . . . , ℓ}. Therefore, by Proposition
2.2, there exists a free circle action on a symplectic manifold (M ′j, ω
′
j)
with a proper moment map Ψ′j : M
′
j → (Cj−1+4, Cj−4) so that, for all
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t ∈ (Cj−1+4, Cj − 4), the reduced space M ′j//t S1 is symplectomorphic
to a tame K3 surface (X ′j, I
′
j,t, σ
′
j,t); moreover,
• ∫
X′j
(σ′j,t)
2 = N − 2(t− Cj + kj)2; and
• [σ′j,t] = κ′j − tη′j , where κ′j , η′j induce a primitive embedding
Z2 →֒ H2(X ′j ;Z).
Next, for each j ∈ {1, . . . , ℓ}, we can apply Proposition 6.1 (centered
at Cj instead of at 0) with k = kj , A = N − 2kj(kj − 4), and B = −2.
Hence, for each such j, there exists a circle action on a symplectic
manifold (M˜j , ω˜j) with a proper moment map Ψ˜j : M˜j → (Cj − 4 −
ǫ˜, Cj + 4 + ǫ˜), where ǫ˜ > 0, with the following properties: The level
sets Ψ˜−1j (Cj ± 4) each contain exactly kj fixed points with weights
±{−2, 1, 1}; otherwise the action is locally free. The Duistermaat-
Heckman function of M˜j is
ϕ˜j(t) =

N − 2(t− Cj + kj)2 t ∈ (Cj − 4− ǫ˜, Cj − 4]
N − 2kj(kj − 4) + k−42 (t− Cj)2 t ∈ [Cj − 4, Cj + 4]
N − 2(t− Cj − kj)2 t ∈ [Cj + 4, Cj + 4 + ǫ˜).
The reduced space M˜j//t S
1 is diffeomorphic to a generalized K3 surface
with kj isolated Z2 singularities for all t ∈ (Cj−4, Cj+4), and symplec-
tomorphic to a tame K3 surface (X̂j, Îj , (σ̂j±)t), where (σ̂j±)t ∈ Ω2(X̂j)
satisfies [(σ̂j±)t] = κ̂j± − tη̂j± for all t ∈ Cj ± (4, 4 + ǫ˜); moreover, κ̂j±,
η̂j± induce a primitive embedding Z2 →֒ H2(X˜ ;Z). Finally, we may
assume that ǫ˜ < 1.
The above equations imply that∫
X̂j
(σ̂j−)2t = ϕ˜j(t) =
∫
X′j
(σ′j,t)
2 ∀j, ∀t ∈ (Cj − 4− ǫ˜, Cj − 4);∫
X̂j
(σ̂j+)
2
t = ϕ˜j(t) =
∫
X′j+1
(σ′j+1,t)
2 ∀j 6= ℓ, ∀t ∈ (Cj + 4, Cj + 4 + ǫ˜);∫
X̂ℓ
(σ̂ℓ+)
2
t = ϕ˜ℓ(t) =
∫
X′
1
(σ′1,t−2k)
2 ∀t ∈ (Cℓ + 4, Cℓ + 4 + ǫ˜).
Therefore, by carefully repeatedly applying Proposition 2.1, there exist
ǫ and ǫ̂ with 0 < ǫ < ǫ̂ < ǫ˜ and equivariant symplectomorphisms
M˜j ⊃ Ψ˜−1(Cj − 4− ǫ̂, Cj − 4− ǫ)
≃−→ (Ψ′j)−1(Cj − 4− ǫ̂, Cj − 4− ǫ) ⊂ M ′j ∀j;
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M˜j ⊃ Ψ˜−1j (Cj + 4 + ǫ, Cj + 4 + ǫ̂)
≃−→ (Ψ′j+1)−1(Cj + 4 + ǫ, Cj + 4 + ǫ̂) ⊂M ′j+1 ∀j 6= ℓ;
M˜ℓ ⊃ Ψ˜−1ℓ (Cℓ + 4 + ǫ, Cℓ + 4 + ǫ̂)
≃−→ (Ψ′1)−1(C0 + 4 + ǫ, C0 + 4 + ǫ̂) ⊂M ′1.
Using these equivariant symplectomorphisms, we can glue together
Ψ˜−1j (Cj − 4 − ǫ̂, Cj + 4 + ǫ̂) ⊂ M˜j and (Ψ′j)−1(Cj−1 + 4 + ǫ, Cj − 4 −
ǫ) ⊂ M ′j for all j ∈ {1, . . . , ℓ} to construct a circle action on a closed,
connected six-dimensional symplectic manifold (M,ω) with exactly 2k
fixed points, and a generalized moment map Ψ : M → R/2kZ. The
action is not Hamiltonian, because there is no fixed point whose weights
are all positive (or all negative). Hence, the manifold M satisfies all
the requirements. 
Theorem 2 also follows from a careful reading of the proof above;
take ℓ = 1, k1 = 5, and N = 12.
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